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The particle velocity in a fluidized bed of granular material is de- 
termined from an equation obtained by analyzing the forces applied 
to each particle of the bed. The coefficient characterizing the degree 
of confinement of the particles in the bed is determined experiment- 
ally. 

A knowledge of the particle velocity in a fluidized 
bed of granular material makes possible a better un- 
derstanding of the heterogeneous processes that take 
place in sueh a bed. 

The velocity of the solids is needed to calculate a 
number of hydraulic and diffusional parameters and in 
order to take into account mixing of the phases (solid 
and gas) in the bed and its effect (mixing) on the mo- 
tive force of the process. 

Unfortunately, none of the published papers include 
formulas that would permit an accurate calculation of 
the particle velocity as a function of the specific hydro- 
dynamic situation [4-8, i0]. 

At present, there are essentially two ways of de- 
termining the particle velocity in a fluidized bed: high- 
speed motion-picture photography and the isotope-tag- 
ged particle method [4, 7, and i0]. 

The latter method, Mthough undoubtedly promising, 
is  s t i l l  ine f f i c ien t  not only owing to the  c o m p l e x i t y  of 
the  equ ipment  and the  sa fe ty  m e a s u r e s  r e q u i r e d  but  
a l so  owing to the d i f f i cu l t i e s  in r e c o n s t r u c t i n g  the 
t h r e e - d i m e n s i o n a l  mot ion  of a t agged  p a r t i c l e  f r o m  
the  s igna l s  r e c e i v e d  f r o m  some  s y s t e m  of p u l s e  t r a n s -  
d u c e r s .  

Accord ing ly ,  we dec ided  to emp loy  the method  of 
h i g h - s p e e d  m o t i o n - p i c t u r e  photography*  in conjunct ion 
with  a v e s s e l  with t r a n s p a r e n t  w a i l s .  

The p a r t i c l e  ve loe i ty  u in the f lu id ized  bed was 
t r e a t e d  p r i m a r i l y  as  a function of the ve loc i ty  of the 
f lu id iz ing  agent  and the g e o m e t r i c a l  d i m e n s i o n s  of the 
bed,  i . e . ,  

u = f(w, ,  ~z, o, H, D . . . . .  ). (1) 

The e x p e r i m e n t s  we re  p e r f o r m e d  us ing  as  the sol id  
phase  two sand f r a c t i o n s  with a mean  ( reduced)  p a r t i -  
c le  d i a m e t e r  of 250 and 500 p (pg = 2500 k g / m  3) and 
two f r a c t i o n s  of s i l i c a  gel  (g rade  KSM) with a mean  
g ra in  d i a m e t e r  of 3.5 and 4 m m  (pg = 2250 kg/m3).  The 
work ing  r ange  of a i r  v e l o c i t i e s  was  f r o m  0.1 to 0.8 
m / s e c  fo r  the sand and f rom 1.5 to 5.0 m / s e c  for  the  
s i l i c a  gel .  

The e x p e r i m e n t s  w e r e  c a r r i e d  out in g l a s s  v e s s e l s  
with ins ide  d i a m e t e r s  of 60 and 300 m m .  The height  

*The f i h n s  we re  ob ta ined  with the  a s s i s t a n c e  of I. 
Ya. T i k h o m i r o v  of the Moscow Orde r  of Lenin Mot ion-  
P i c t u r e  Studio of Popu la r  Sc ience  F i l m s .  

of the  v e s s e l  could be i n c r e a s e d  by a s s e m b l i n g  s e v e r -  
al s e c t i o n s  each  500 m m  long.  

The p a r t i c l e  ve loc i t y  u was  d e t e r m i n e d  by  e x a m i n -  
ing the f i lm  f r a m e - b y - f r a m e  in an op t ica l  i n s t r u m e n t  
of the  "Mikrofo t"  t y p e  (at a t enfo ld  magn i f i c a t i on  of 
the  image)  f r o m  the f o r m u l a  

u = h I/T = A l v /n .  (2) 

It i s  c l e a r  f r o m  the pho tographs  in F ig .  1 how we 
d e t e r m i n e d  the d i s p l a c e m e n t s  of the  p a r t i c l e s  f r o m  
f r a m e  to f r a m e .  

F o r  s i l i c a  gel  the  p a r t i c l e  ve loc i ty  was  d e t e r m i n e d  
both f r o m  the upper  bounda ry  of the  bed (in th is  c a se  
the  bounda ry  of the  bed i s  c o n s i d e r e d  as  the locus  of 
ind iv idua l  p a r t i c l e s  moving  in the  bed at a c e r t a i n  ve -  
l o c i t y  u) and d i r e c t l y  f r o m  the d i s p l a c e m e n t s  of the  in-  
d iv idua l  p a r t i c l e s  in the  bed.  F o r  the f ine f r a c t i o n s  
(sand) the  p a r t i c l e  ve loc i ty  was  m a i n l y  d e t e r m i n e d  
f r o m  the  Upper bounda ry  of the  bed o r  a cav i ty  in the 
bed .  D e t e r m i n a t i o n  of the p a r t i c l e  v e l o c i t i e s  f r o m  the 
u p p e r  b o u n d a r y  of the  c e n t e r  of the bed m a k e s  it p o s -  
s ib le  to f ind t h e s e  v e l o c i t i e s  not only  at the wa l l s  of 
the a p p a r a t u s  but  ove r  the e n t i r e  c r o s s  sec t ion  of the  
bed.  

D e t e r m i n a t i o n  of the  p a r t i c l e  ve loc i ty  f r o m  Eq. (2) 
g ives  a b r o a d  s p e c t r u m  of va lues  of u. This  i n d i c a t e s  
tha t  the ind iv idua l  p a r t i c l e  v e l o c i t i e s  in a g r a n u l a r  g a s -  
f lu id ized  bed m a y  be r e g a r d e d  as  r a n d o m  quan t i t i e s  
ly ing  within the  i n t e r v a l  [5, 6] Umi n < u < Uma x. 

The p a r t i c l e  v e l o c i t i e s  can be d e s c r i b e d  suf f ic ien t ly  
a c c u r a t e l y  by a n o r m a l  d i s t r i b u t i o n  law. The s a m e  
ve loc i ty  d i s t r i b u t i o n  i s  a l so  o b s e r v e d  in connect ion  
with se t t l ing  in a suspended  bed [6]. Accord ing ly ,  the 
p a r t i c l e  ve loc i ty  for  eaeh h y d r a u l i e  r e g i m e  was  d e t e r -  
mined  as  the  a r i t h m e t i e  m e a n  of the  r e s u l t s  of ana lyz -  
ing 500-750  f r a m e s ,  inc luding  the dup l i ca te  e x p e r i -  
meri ts  and c l o s e - u p  pho tog raphs  shown in Fig .  1. 

F i g u r e s  2 and 3 p r e s e n t  the r e s u l t s  of an e x p e r i m e n t -  
al d e t e r m i n a t i o n  of the p a r t i c l e  ve loc i ty  as  a funct ion 
of the  work ing  ve loc i ty  of the f lu id iz ing  agent  and the 
he igh t  of the  f lu id ized  bed.  

C lea r ly ,  the  v e r t i c a l  p a r t i c l e  ve loc i ty  i n e r e a s e s  
with i n c r e a s e  in the gas  flow r a t e ,  which i n d i c a t e s  a 
p r o p o r t i o n a l  dependence  on the  gas  ve loc i ty  in the 
s p a c e s  be tween so l ids ;  m o r e o v e r ,  under  the s a m e  
h y d r o d y n a m i c  condi t ions  (equali ty of H0/D a and f lu id -  
iz ing agent  ve loc i t i e s )  the p a r t i c l e  ve loc i ty  is  g r e a t e r  
in the  l a r g e - d i a m e t e r  than in the s m a l l - d i a m e t e r  ap -  
p a r a t u s .  

The da ta  of F ig .  3 c on f i rm  the ex i s t ence  of an in-  
v e r s e  r e l a t i o n s h i p  be tween  p a r t i e l e  ve loc i ty  and the 
height  of the  f lu id ized  bed.  



JOURNAL OF ENGINEERING PHYSICS 275 

Fig.  1. Photographs of f luidized bed in v e s s e l s  300 m m  (a) and 
60 mm (b, c, d) in d i ame te r .  
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Fig. 2. Panicle velocity u, m/sec, as a function of the working 
gas  v e l o c i t y  w . ,  m / s e c :  fo r  qua r t z  sand:  1) D a = 300 mm,  dg = 
= 250 # and H~/D a = 1;2) D a = 60 m m ,  dg = 250 /~ and H~/D a = 
= 0.5; 3) 60, 250 and 1; 4) 60, 500 and 1; 5) 60, 250 and 3; 6) 60, 
500 and 2; 7) 60, 250 and 5; for  KSM s i l i c a  gel :  D a = 60 mm;  
8) d g =  3.5 m m  and H~/D a = 0.5; 9) 4.0 and 0.5; 10) 3.5 and 1; 

11) 4.0 and 1; 12) 3.5 and 2. 
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Moreover ,  the expe r imen ta l  data r evea l  that  the 
pa r t i c l e  veloci ty  is i n v e r s e l y  p ropor t iona l  to the d i a m-  
e te r  of the g ra in  and i ts  specif ic  weight, which is  in 
good ag reemen t  with the data of other  authors  [4-8, 
and i0]. 

In deriving the formula for the particle velocity the 
motion of the particle was regarded as a result of the 

action of the gravity force G =mg and the resistance 

of the medium 

R = ~ F p ~ - ( w f  --u) ~. 

The equ i l i b r i um condi t ions  of the fo rces  producing 
mot ion  of the pa r t i c l e s  in a f lu id ized bed with a v e r -  
t ical  gas flow pene t ra t ing  the bed at ve loci ty  wf, as -  
sum_ing that the p a r t i c l e s  are  spher ica l ,  can be w r i t -  
t en  in  the fo rm of the following d i f fe rent ia l  equation 
(d~Alembert equat ion [5, 6, 8]): 

du 1 
- - r a g  -]- ~ F p p ( W  f - -u )  ~ = m d~ : 

= - - r a g  -t- k(~f  - -u )  ~, (3) 

where  

p ~d~ 

The drag  should be r e p r e s e n t e d  as the sum of two 
fo rces .  Then Eq. (3) can be wr i t t en  in the following 
for m: 

du 
m - -  = - - m g + ( q 0 ~ + ~ ) ( w f  - -u )  2, (4) 

dx  

where  ~ is  the f rac t ion  of the drag expended by the 
flow of f luidizing agent in communica t ing  to the p a r -  
t ie le  an a c c e l e r a t i o n  du/dT, and ~ is the f rac t ion  of 
the drag expended by the flow of f lu idiz ing agent in 
counte rac t ing  the grav i ty  force  

G = m g  = r~  (w f - -  u)L 

~ + ~ = 1  

This m e a n s  that in a f luidized bed of solid g r a n u l a r  
m a t e r i a l  the p a r t i c l e s  move under  the act ion of the 
dynamic  head of a s t r e a m  of f lu idiz ing agent, par t  of 
which is  expended in counte rac t ing  gravi ty:  

du 
m - -  = ~)~(wf - -u )  2. (5) 

dz  

If wf r v r, then the particle velocity has the follow- 

ing particular value: 

u = wf - - o  r. (7) 

2. ~ = rp = 1/2.  In th is  ease  the pa r t i c l e  can move 
with a ve loc i ty  

u ~.  wf - -  1.41 v r . (7a) 

3. ~ = 1, ~ = 0-- th is  ease  does not occur  in p rac t i ce .  

~ ~ 4 - M  ~ 
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Fig.  3. P a r t i c l e  veloci ty  u, m / s e e ,  as a 
funct ion of the height  of the f lu idized bed: 
1 and 6) quar tz  sand:  D a = 300 m m ,  dg = 

= 250 t~, w .  = 0.5 and 0.2 m / s e e ;  2 and 5) 
s i l i ca  gel: D a = 60 ram, dg = 4.0 ram,  w,  = 
= 5.0 and 1.5 m / s e e ;  3 a n d 8 )  quar tz  sand: 
60 mm,  250 g, 0.5 and 0.1 m / s e e ;  4 and 
7) quar tz  sand:  60 mm,  500 #, 0.4 and 0.2 
m / s e e ;  9) coeff ic ient  z as a funct ion of 

the ra t io  I-I/Da in f o r mu l a  (10a). 

In the genera l  case ~ 0 and ~o~ 0. Then the solu-  
t ion of d i f fe ren t ia l  equat ion (5) with Eq. (6a) is found 
in the fo rm 

g gT + C. (8) 1 - x p ~ - , - ~  C - 2 
~2f  - -  U V r • V r 

The constant of integration C is found from the in- 

itial conditions: u = 0 at 7 = 0. Hence 

It is necessary to consider several special cases. 
i. ~=0, cp= i, i.e., mdu/d~-= 0 is the case when 

under the action of gravity the particle acquires a 

steady critical velocity v r under confined conditions 
(case of suspension of a particle in the space between 

grains filled with fluidizing medium); in this case 

wf = v r and u = 0. Then Eqo (3) takes the following 

p a r t i c u l a r  form:  

m g  = ~ V2r , (6) 

f rom which follows the impor t an t  r e s u l t  

2 ( 6 a )  m/~ = v2 r / g  ~ 0,1 v r 

C ~ I/~f. (Sa) 

Then the vertical particle velocity is given by 

u :- g ~ ,  T/(~ v~ + g~,f T), (9) 

or making the substitution ~- = H/wf, by 

u = g w f  H/(• 4- gH),  (9a) 

where ~4 = i/~ is a dimensionless coefficient determin- 

ing the complex dependence of the critical velocity 

under confined conditions with allowance for the criti- 

cal velocity distribution over the height of the fluidized 

bed. 
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Coeff ic ien t  • as  a Func t ion  of the C h a r a c t e r i s t i c  
P a r a m e t e r s  of the  Bed 

Quartz sand, dg = 250 # 

w,m/seo f 0378 I o, , ,5 0508 I 0630 o.7,5 I 085,  0960 I05 

U~ m / s e e  

H,m 
H/D a 
% 

u, m/see 
H, m 
H/Da 
% 

u, m/see 
H,m 
H/Da 
% 

I 0.225 t 0.305 

0.082 0.156 0.218 
0.032 0.035i 0.038 
0.54 0.59 0.064 
0.59 0.70 0.84 

0.076 0.145 0.202 
0.065 0.071 0.076 
1.08 1.18 1.28 
2.30 2.81 3.30 

0.060 0.112 0.155 
0.195 0.212 0.232 
3.24 3.55 3.85 

21.0 24.5 i29.0 

0.282 0.336 
0.041 0.044 
0.68 0.73 
0,94 1.06 

0.258 0.307 
0.082 0.087 
1.36 1.46 
3.37 4.15 

0.195 0.22~ 
0.245 0.265 
4.09 4.35 

33.3 37.5 

0.448 0.536 
0.049 0.055 
0.81 0.91 
1.30 1.64 

0.405 0.495 
0.097 0.11 
1.62 1.82 
5,15 6.66 

0,295 0.344 
0.290 0,33C 
4.85 5.47 

47.8 62.0 

0.630 
0.06( 
1.00 
2.02 

0.560 
0.12 
2.03 
8.00 

O. 390 
O. 362 
6.05 

71.0 

0.712 
0. 067 
1.11 
2.45 

0.63C 
O. 135 
2.22 
9.60 

O. 423 
0.40C 
6.70 

89.2 

Quartz sand, dg = 500 

w,m/sec 0.506 0.600 0.670 10.856 1.00 I 1.16 1.30 11.42 1.66 

u,m/sec 0.045 0.100 0.1401 0.250[ 0.33C' 0.410 0.47C 0.530[ 0.635 
H,m 0.061 0.062 0.0651 0.068 0.072 0.074 0.078 0.082 0.090 
H/D a t .01 1.03 1.08 1.12 1.20 1.24 1.30 1.37 1 .50  
~s. 2.02 2.15 2.35 2.65 2.85 3 .10  3.47 3.77 I 4.55 

Silica gel, dg = 4.0 mm 

w,m/sec 3.75 14.20 ] 4,47 15.12 [5.70 16.77 17.80 

u, m]sec 
H, m 
H/D a 

�9 [ 0.0741 0.105] 0.160 0.215] 0.285 f 0.340 0 019 
0.06It 0.063 / 0.0651 0.0701 0.0761 0.088 j 0.100 
1.01 1.05 1.08 1.17 1.26 1,46 t 1.67 
1.98 2.17 2.20 .2 .80  3.15 4.25 5.55 

0.775 
0,075 
1,25 
3.15 

O. 675 
0.15 
2.50 

12.5 

0~440 
O. 450 
7.50 

113.0 
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Values of % were  d e t e r m i n e d  f rom exp re s s ion  (9) 
af ter  t r a n s f o r m a t i o n  and the subs t i tu t ion  of T = H/wf: 

• v ~ ( w f / u - - I  ). (10) 

As may be seen f rom Fig.  4. and the table,  the 
complex dependence of the coeff ic ient  • on the cha r -  
a c t e r i s t i c  p a r a m e t e r s  of the bed can be exp re s se d  in 
the f i r s t  approx imat ion  as 

• = 2H'2 /D~.  (i On) 

Equat ion (9) shows that  the p a r t i c l e  veloci ty in the 
bed is  p ropor t iona l  to the actual  veloci ty  of the f lu id-  
iz ing agent and the t ime  of act ion of the flow energy  
on the moving pa r t i c l e  and roughly  i n v e r s e l y  p r o p o r -  
t ional  to the square  of the c r i t i ca l  veloci ty under  con-  
fined condi t ions  when the degree  of conf inement  i s  r e p -  
r e s e n t e d  by the coeff ic ient  4.  

The model  adopted and e x p r e s s i o n  (9) a re  val id  
for  ~- -< H/wf, i . e . ,  for the t ime  dur ing  which the vol-  
ume e l emen t  of gas in  which the t r a n s p o r t e d  pa r t i c l e  
is  located t r a v e r s e s  a path equal  to the height  of 
the bed. The path of the pa r t i c l e  in  t i m e  v may 
be de t e rmined  if e x p r e s s i o n  (9) is i n t eg ra t ed  again 
with r e s p e c t  to the va r i ab le  T for S = 0 at T = 

= 0: 

S=mf T-- 

_ 1 • In I + -- at -r~(. H/mf . (ii) 

The above r ea son ing  is valid for  the case  of a p a r -  
t ic le  fa l l ing (settling) in a f luidized bed (counterflow 
of solid and gas phases)  if the quant i t ies  are  taken 
with the opposite sign. Thus, in o rde r  to ca lcula te  the 
pa r t i c l e  veloci ty  in a homogeneous  fIuidized bed i t  is  
n e c e s s a r y  to use Eq. (9) and d e t e r m i n e  the path of the 
pa r t i c l e  f rom Eq. (11). 

The actual mean  veloci ty of the f lu idiz ing agent in 
the spaces  between the g r a i n s  is  equal to the working  
veloci ty divided by the mean  voidage: 

w, V~ H 
w: --~-~ (12) 

s 900~ D[ [H -- ( I -- So) H0] 

The critical velocity v is determined from the con- 
ditions when the lift force acting on the individual 

particle becomes equal to the weight of that particle 
[1-9]: 

v~ = ! g S ~ _ ~ _ -  P (13) 
3 ~ p 

Since in o rde r  to ca lcula te  the c r i t i ca l  veloci ty un-  
de r  confined conditions it is necessary to know the 

drag coefficient, it is more convenient to use the re- 
lation [3 ] 

"~ v "~ ~ 0,011 C, (14) v ~ . :  c~ -- 4 1.75 

where  e 0 ~ 0.4; ~f ~ 0.4. 
In genera l  f o rm [1-9] 

Re 2 = 4 A r .  
3 

At a fluid ve loc i ty  l e s s  than w0/e0, condi t ions  c o r -  
r espond  to the pe rco la t ion  r eg ime ;  t he re fo re  as the 
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Fig. 4o Correlation graph: i, 2,3,4, 5, 
6, 7) for quartz sand; 8, 9, i0, ii) silica 
gel; 12) data of [4]', 13) [7]; 14) [i0]. 

reduced actual velocity of the fiuidizing agent in the 
spaces between the grains it is necessary to use the 
quantity 

~'YO F2p 7d) o 
wf =w - (15) 

8 o 8, 8 0 

NOTATION 

u is the velocity of solid particles along the walls 
of the vessel at times ~-; m is the particle mass; Al 
is the displacement (path) of the particle in time 7; 

v is the film speed (frame frequency); n is the number 
of frames in which the observed particle traverses a 
path equal to Al ; w, is the velocity of fluidizing agent 

referred to total cross section of the vessel; w 0 is the 

fluid velocity at the onset of flnidization; w is the 

actual velocity of the fluidizing agent; a is the bed 
voidage; v is the critical particle velocity in the un- 

confined space; v r is the critical particle velocity un- 
der confined conditions; ~ is the particle drag; Fp is 
the drag surface (maximum cross section) of the par- 
ticle; p is the density of the medium (fluidizing agent); 
p~ is the density of solid-phase particles; dg is the 

gram diameter; g is the acceleration of gravity; • is 

the coefficient expressing degree of confinement of 
particles in bed; H is the height of the bed of granular 
material at the onset of fluidization; D a is the diam- 

eter of the apparatus; Vhr is the rate of flow of the 
fluidizing agent through bed per hour; ws is the actual 

reduced velocity of the [luidizing agent in the spaces 
between the grains. 
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